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#
2

IN
T

R
O

D
U

C
T

IO
N

T
O

B
A

Y
E

S
IA

N
N

E
T

W
O

R
K

S

definition:
a

random
variableX

is
in

d
e

p
e

n
d

e
n

tofY
given

contextC
if

p
X

Y
C

p
X

C
p

Y
C

w
henever p

C
0,

X
Y

C
.

definition:
a

B
N

is
a

directacyclic
graph(D

A
G

)thatrepresentsprobabilitiesand

independenciesovera
setX

ofrandom
variablesX

i .T
he

D
A

G
stru

ctu
re

definesthe

conditionalindependencerelations.T
he

jointprobability
can

be
factorizedin

m
arginal

probabilitiesdefinedlocally
on

nodesassetofp
a

ra
m

e
te

rs.

exam
ple:

T
urnO

ver
S

tart

G
auge

F
uel

B
attery

....

P
S

fragreplacem
ents

p
B

p
F

p
G

B
F

p
T

B

p
S

F
T

p
B

F
G

T
S

p
B

p
F

p
G

B
F

p
T

B
p

S
F

T

Pa
i 1

Pa
i 2

Pa
i q

i

P
a

i

X
i

p
X

i P
a

i

p
X

∏
ni

1 p
X

i P
a

i

generalform
:
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#
3

O
U

R
G

O
A

L
I S

...

prior know
ledge

database

Learning
algorithm o

u
r g

o
a

l

T
urnO

ver
S

tart

G
auge

F
uel

B
attery

P
S

fragreplacem
entsB

F
G

T
S

ok
full

on
ok

yes

ok
half

on
dow

n
no

ok
half

on
ok

yes

ok
em

pty
off

ok
no

ok
full

on
dow

n
no

...
...

...
...

...

p
B

p
F

p
G

B
F

p
T

B

p
S

F
T

W
e

w
a

n
tto

illu
stra

te
a

n
e

a
syw

a
y

to
le

a
rn

a
B

N
ove

ra
se

to
fva

ria
b

le
sX

g
ive

n
a

d
a

ta
b

a
seD

x
1

x
N

,w
h

e
re

x
i is

in
sta

n
ceo

fX
i .

W
e

w
a

n
tto

e
stim

a
teth

e
p

ro
b

a
b

ility
d

istribu
tio

n
o

n
X

g
ive

n
a

ra
n

d
o

m
sa

m
p

le

D
x

1
x

N
fro

m
th

e
tru

e
d

istribu
tio

n
.
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#
4

L
E

A
R

N
IN

G
W

IT
H

B
A

Y
E

S
IA

N
M

O
D

E
L

S
E

L
E

C
T

IO
N

A
P

P
R

O
A

C
H

definition:
M

is
a

discreterandom
variable(drv)w

hosestatescorrespondto
the

possibletrue
m

odels.O
uruncertaintyaboutM

is
encodedw

ith
p

M
m

.

definition:
T

is
a

drv
w

hosevaluescorrespondto
the

possiblevaluesofthe
param

eters

ofm
.

O
uruncertaintyis

encodedusing
p

T
θ

m
.

G
iven

a
priordistribution

for
X

, p
x

θ
m

,and
a

random
sam

pleD
,w

e
com

putethe

posteriordistribution
for

X
by

averagingoverallm
odelsand

param
eters(using

posterior

distribution
for

M
and

T
estim

atedon
D

w
ith

B
ayes’rule).

p
x

D
∑m

p
m

D
p

x
θ

m
p

θ
D

m
dθ

T
his

B
a

ye
sia

nm
o

d
e

la
ve

rag
in

g
approachis

intractable.A
good

approxim
ationis

to

selectthe
“best”m

odelm̂
,and

to
averageoverits

param
eters.

p
x

D
m̂

p
x

θ
m̂

p
θ

D
m̂

dθ

T
his

approachis
know

n
asB

a
ye

sia
nm

o
d

e
lse

le
ctio

n.
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#
5

W
H

IC
H

I S
T

H
E

“B
E

S
T”

M
O

D
E

L?

T
he

“best”m
odelshouldbe

the
m

ostprobablegiven
the

databaseD
.It

hasto
m

axim
ize

its
posteriorprobability

p
m

D
.

A
ssum

inguniform
prioron

m
odels,w

e
can

definea
m

o
d

e
lsco

re
fu

n
ctio

n
as

S
C

O
R

E
m

log
p

m
D

log
p

D
m

T
he

problem
oflearninga

B
N

structurefrom
datais

equivalentto
the

problem
of

m
axim

izing
S

C
O

R
E

m
function

overthe
spaceofallpossiblenetwork

structures,

w
hich

are
m

ore
than

exponentialin
the

num
berofnodes.

T
h

is
is

a
n

N
P

-h
a

rd
p

ro
b

le
m

!

T
herefore,it

is
necessaryto

useheuristicsearchm
ethodsfor

m
odelselection.
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#
6

S
IM

P
L

IF
Y

IN
G

A
S

S
U

M
P

T
IO

N
S

1.
E

very
variablein

X
is

discrete
m

arginaldistributionsare
m

u
ltin

o
m

ia
l:

p
X

i
x

ki
P

a
i

pa
ji

θ
i

m
θ

ijk

2.
E

achparam
etersetθ

ij hasa
D

iric
h

le
td

istribu
tio

n:

p
θ

ij m
D

ir
θ

ij
α

ij1
α

ijri

3.
T

he
param

etersθ
ij are

m
u

tu
a

llyin
d

e
p

e
n

d
e

n
t

the
problem

is
separableon

X
i

(priordistributionsofparam
eterscan

be
calculatedlocally).

4.
D

ata
D

are
co

m
p

le
te(no

m
issingobservations,no

hiddenvariables).

U
ndertheseassum

ptions,Cooperand
H

erskovits
(1992)have

show
n

an
analyticalform

for
m

o
d

e
llike

lih
o

o
d

p
D

m
and

one
for

p
o

ste
rio

rp
ro

b
a

b
ility

p
x

pa
i

D
m

.
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#
7

A
N

A
L

G
O

R
IT

H
M

F
O

R
L

E
A

R
N

IN
G

B
N

In
itia

liza
tio

n

D
irichletparam

eterpriorsα
ijk

αq
i ri

w
hereα

is
said

e
q

u
iva

le
n

tsa
m

p
lesize,ri =

#
statesofX

i ,q
i =

#
statesofparentsofX

i .

M
o

d
e

lS
e

le
ctio

n
H

euristicsearchofD
A

G
m̂

thatm
axim

izesthe
follo

w
ing

S
C

O
R

E
function

S
C

O
R

E
m

n∑i
1 S

C
O

R
Ei

m

w
here,for

separability,the
scorefunction

for
a

single
nodeX

i is

S
C

O
R

Ei
m

q
i

∑j
1 log

Γ
∑

rik
1 α

ijk

Γ
∑

rik
1 α

ijk
∑

rik
1 N

ijk

ri

∑k
1 log

Γ
α

ijk
N

ijk

Γ
α

ijk

N
ijk

=
#

casesw
hereX

i is
in

the
statex

ki
and

its
parentsP

a
i are

in
the

statepa
ji .

Pa
ra

m
e

te
rs

E
va

lu
a

tio
n

s
M

arginalprobabilitiescalculationusing
the

follo
w

ing
form

ula

p
X

i
x

ki
P

a
i

pa
ji

D
m̂

α
ijk

N
ijk

α
ij

N
ij
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#
8

HEURISTIC SEARCH IN DAG SPACE

DAG spaceis vastandunknown. Hill Climbingsearch algorithm

is goodchoicein orderto maximizeSCOREm in DAG space.

It makessuccessive arcchangesto thenetwork andemploys the

propertyof decomposabilityto evaluatethemerit of eachchange.

Xi Xj

Xi Xj

Xi Xj

Xi Xj

Xi Xj

Xi Xj

Empty DAG
Random DAG

Constrained DAG
Prior DAG

NO

NO

structure
Initialize

score
all possible
single arc
changes

max

?
reached
iteration

return
DAG

selected

any
changes
better?

perform
best

change

YES

YES

Arc Present

Single Arc Change

Del Arc

Inv Arc

Add Arc

Add Arc

Missing Arc

PSfragreplacements

∆SCOREj m

∆SCOREj m

∆SCOREj m

∆SCOREj m

∆SCOREj m

∆SCOREi m

∆SCOREi m

∆SCOREi m

∆SCOREi m

∆SCOREi m

∆SCOREj m

∆SCOREj m

∆SCOREj m

∆SCOREj m

∆SCOREj m

∆SCOREi m

∆SCOREi m

∆SCOREi m

∆SCOREi m

∆SCOREi m

∆SCOREj m

∆SCOREj m

∆SCOREj m

∆SCOREj m

∆SCOREj m
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#
9

E
V

A
L

U
A

T
IO

N
M

E
T

H
O

D
O

L
O

G
Y

D
atabase

G
old

N
etw

ork
(rnd generated)

S
tart

N
etw

ork

learning
algorithm

Learned
N

etw
ork

sam
plingS

tructural D
ifference

S
tructural D

ifferenceC
ross-entropy

 strc. noise

alg.step

m
easure

S
tructural

D
ifference:

num
berofdifferentarcsbetw

eentw
o

B
N

s.T
his

is
a

m
easure

ofthe
degreeto

w
hich

the
learnedstructurehave

capturedcausalrelationships.A
null

structuraldifferencem
eansequalD

A
G

s.

C
ross-E

ntropy:
reflectshow

w
ellthe

learnedstructurew
ill

predictthe
nextcase.It

hasderiv ed
from

the
inform

ation
theoryby

K
ullback

and
Leibler(1951).Low

values

correspondto
a

learneddistribution
closeto

the
gold

one.
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#
10

R
E

S
U

L
T

S
F

R
O

M
S

IM
U

L
A

T
E

D
B

N
S

exam
ple

1:
a

5
variablesB

N
,m

ax
4

statespervariable.2

1
4

5

3

2

1
4

5

3
S

am
pling

P
erturbation

2

1
4

3

5

D
A

R
R

G
O

LD
 vs LE

A
R

N
E

D

cross-entr. =
 0.0138

sruct. diff . =
 0

R
: rev

A
: add

D
: del

D
A

T
A

B
A

S
E

(prob. 40%
)

Learning

G
O

LD
 N

E
T

S
T

A
R

T
 N

E
T

LE
A

R
N

E
D

 N
E

T

4000 S
am

ples

s.d.  =
 6

hill-clim
bing

steps:
1ˆ

search
iter:

current
score

=
-26777.283203

+
310.848145

(add:
3

->
5

)
2ˆ

search
iter:

current
score

=
-26466.435059

+
142.760742

(rev:
2

->
4

)
3ˆ

search
iter:

current
score

=
-26323.674316

+
179.492676

(rev:
1

->
4

)
4ˆ

search
iter:

current
score

=
-26144.181641

+
24.003906

(del:
5

-X
1

)
5ˆ

search
iter:

current
score

=
-26120.177734

N
o

better
changes.
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#
11

R
E

S
U

L
T

S
F

R
O

M
S

IM
U

L
A

T
E

D
B

N
S

exam
ple

2:
a

9
variablesB

N
,m

ax
5

statespervariable.

1

2

7

9

6
3

5

48

1

2

7

9

3

5

48

6

P
R

IO
R

 N
E

T
s. diff. =

 16

A

R

RA
A

D

D

R A

R

A

A
1

2

7

9

6
3

5

48
LE

A
R

N
E

D
 N

E
T

s. diff. =
 3

cross-entropy =
 0.177

D D

D

D
A

T
A

B
A

S
E

    1    2    3    4    5    6    7    8    9
X

i
sm

p

     1       3    1    5    3    2    2    5    4    3
     2       1    2    4    4    3    2    1    3    3
     3       1    2    4    2    1    2    2    3    2

3998      1    2    3    3    3    2    3    3    3
3999      2    1    1    1    2    1    2    2    1
4000      2    1    2    2    1    1    3    3    1

G
O

LD
 N

E
T

sam
pling

noise
50%

Learning

hill-clim
bing

steps:
1ˆ

iter:
score

=
-40772.177979

+
869.140137

(del:
3

-X
8

)

(...)

13ˆ
iter:

score
=

-38652.027832
N

o
better

changes.
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#
12

A
C

A
S

E
S

T
U

D
Y :

C
O

L
L

E
G

E
P

L
A

N
S

W
e

w
antto

investigate
factorsthatinfluencethe

intention
ofhigh

schoolstudentsto

attendcollege.S
ew

elland
S

hah(1968)m
easuredthe

follo
w

ing
variablesfor

10416

W
isconsinhigh

schoolseniors:S
ex

(S
E

X
),S

o
cio

e
co

n
o

m
icS

ta
tu

s(S
E

S
),In

te
llige

n
ce

Q
u

o
tie

n
t(IQ

),Pa
re

n
ta

lE
n

co
u

rage
m

e
n

t(P
E

),C
o

llege
P

la
n

s(C
P

).

IQ
low

low
erm

iddle
upperm

iddle
high

S

P
E

low
high

low
high

low
high

low
high

E

C
P

y
n

y
n

y
n

y
n

y
n

y
n

y
n

y
n

X

low
4

349
13

64
9

207
33

72
12

126
38

54
10

67
49

43
m

low
m

id
2

232
27

84
7

201
64

95
12

115
93

92
17

79
119

59
a

up
m

id
8

166
47

91
6

120
74

110
17

92
148

100
6

42
198

73
l

high
4

48
39

57
5

47
123

90
9

41
224

65
8

17
414

54
e

low
5

454
9

44
5

312
14

47
8

216
20

35
13

96
28

24
f

low
m

id
11

285
29

61
19

236
47

88
12

164
62

85
15

113
72

50
e

up
m

id
7

163
36

72
13

193
75

90
12

174
91

100
20

81
142

77
m

.

high
6

50
36

58
5

70
110

76
12

48
230

81
13

49
360

98

S
E

S
S

u
fficie

n
tsta

tisticsfo
r

th
e

S
ew

e
lla

n
d

S
h

a
hstu

d
y.
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#
13

COLLEGE PLANS: OUR RESULTS

SEX

IQ SES

CP

PE

SEX

IQ SES

CP

PE

?

SEX

IQ SES

CP

PE

SEX

IQ SES

CP

PE

SEX

IQ SES

CP

PE

SEX

IQ SES

CP

PE

score = -45579

α = 8

A.

learning

learned networkempty prior network

score = -45617

α = 256

B.

learning

learned networkprior network

?

score = -45628

α = 8
learning

learned network

?

C.

with constraints
empty prior network

PSfragreplacements

SES PE CP=yes

low low 0.035

high low 0.144

low high 0.347

high high 0.726

SES IQ PE CP=yes

low low low 0.015

high low low 0.120

low high low 0.139

high high low 0.263

low low high 0.188

high low high 0.398

low high high 0.532

high high high 0.832

SES IQ PE CP=yes

low low low 0.011

high low low 0.093

low high low 0.124

high high low 0.242

low low high 0.169

high low high 0.394

low high high 0.534

high high high 0.835

?: sospiciusresults.
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#
14

S
U

M
M

A
R

Y

W
e

have
presenteda

w
ay

to
learn

discreteB
ayesianN

etw
orks

from
data.T

his
is

basedon
B

a
ye

sia
nM

o
d

e
lS

e
le

ctio
napproach,w

herea
“good”

m
odelis

chosen

using
hill-clim

bing
heuristicsearchon

D
A

G
s

space.

W
e

have
show

n
som

eresultsfrom
sim

ulatednetworks
and

a
true

casestudy.T
he

algorithm
hasalw

aysincreasedourpriorknow
ledgeon

data.

T
his

m
ethodologycan

be
usedin

early
stagesofresolutionofa

D
a

ta
M

in
in

g

problem
.It

picks
outan

independencem
odelfor

variablesand
explainsrelations

am
ongvariablesin

a
causalw

ay.

W
e

needto
testm

ore
structuresand

datasetsin
orderto

investigate
how

to
scale-up

the
problem

size
(m

ay
it

be
a

future
w

ork
?).
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