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'INTRODUCTION TO BAYESIAN NETWORKS

definition: arandomvariableX is independenof Y givencontet C if
P(X,Y|C) = P(X|C)P(Y|C) whenererp(C) £ 0,V X,Y,C.

definition: aBNis adirectagyclic graph(DAG) thatrepresentprobabilitiesand
independenciegver asetX of randomvariablesX;. The DAG structue definesthe
conditionalindependenceelations.Thejoint probabilitycanbefactorizedn mamginal
probabilitiesdefinedlocally on nodesassetof parametes.

example:
p(B) o(F) generalform:

Battery

P(SIF,T)

P(B,F,G,T,S) =P(B)P(F)P(G|B,F)P(T|B)P(SF,T)
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'OUR GOAL Is...

. our goal
prior knowledge

I_I

database
B F G T S

ok| full |on| ok |yes

ok| half |on|{down| no

ok| half |on| ok |yes

Learning
algorithm

ok|{empty|off| ok | no

ok| full |on|down| no

P(T|B)

We wantto illustratean easywayto learn a BN over a setof variablesX givena
databaseD = {x1, ...,Xn}, WheeX; is instanceof X;.
=

We wantto estimatethe probability distribution on X givena randomsample
D = {Xy,...,Xn} fromthetrue distribution.
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LEARNING WITH BAYESIAN MODEL SELECTION APPROACH

definition: M is adiscreterandomvariable(drv) whosestatescorrespondo the
possibletrue models.Our uncertaintyaboutM is encodedvith P(M = m).

definition: T isadrvwhosevaluescorrespondo the possiblevaluesof the parameters
of m. Ouruncertaintyis encodedisingP(T = 6|m).

Givena prior distribution for X, P(x|6,m), andarandomsampleD, we computethe
posteriordistribution for X by averagingover all modelsandparametergusingposterior
distributionfor M andT estimatedn D with Bayes'rule).

P(x|D) = 3 P(m|D) \ P(x|8,m) P(6]D, m)d®

This Bayesiammodelavelaging approachs intractable A goodapproximations to
selectthe“best” modelm, andto averageover its parameters.

p(x|D, ) = \ p(x|8, M) P(6|D, )d6

/A:_m approachs known asBayesiammodelselection \
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'WHICH IS THE “BEST” MODEL?|

The“best” modelshouldbethe mostprobablegiventhe databas®. It hasto maximize
its posteriorprobabilityP(m|D).

Assuminguniform prior on models we candefinea modelscole functionas

SCOREmM) = logP(m|D) ~ logP(D|m)

Theproblemof learninga BN structurefrom datais equialentto the problemof
maximizingSCOREm) functionover the spaceof all possiblenetwork structures,
which aremorethanexponentialin the numberof nodes.

Thisis an AP-hard problem!

Thereforejt is necessaryo useheuristicsearchmethoddor modelselection.
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| SIMPLIFYING ASSUMPTIONS

1. Everyvariablein X is discrete=- maginal distributionsaremultinomial
P(X% = XK|Pay = pa/, 6, m) = 6«

2. Eachparameteset;j hasaDirichletdistribution:
P(6ij|m) = Dir(6ij, ajj1,...,Ajr,)

3. Theparametersj; aremutuallyindependents- the problemis separablen X
(prior distributionsof parametersanbe calculatedocally).

4. DataD arecompletg(no missingobsenations,no hiddenvariables).

UndertheseassumptionsCooperandHerslovits (1992)have shavn ananalyticalform
for modellikelihoodP(D|m) andonefor posteriorprobability P(x|pa,, D, m).

o
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AN ALGORITHM FOR LEARNING BN

e Initialization

Dirichlet parametepriorsaijx = % wherea is saidequivalentsamplesize ri = #

stateof X, g = # statesf parentf X;.

e ModelSelection
Heuristicsearchof DAG m thatmaximizesthefollowing SCOREfunction

n
SCORHEM) = Mmo%mga
i=
where,for separabilitythe scorefunctionfor asinglenodeX; is

G (Sh . r F(on 4 N
SCORE(mM) = M log - AM._.AHHQ:LAV . AQ_:An._l. :_Av
=1 ﬂAM_AHHQ_:A._'M_AHH Z:_Av K—1 _|AQ:_AV

Nijk = # casesvhereX; is in the mﬁmﬁmx“A andits parentdPa; arein Smmﬁmﬁm_umﬂ._..

e Parametes Evaluations
Marginal probabilitiescalculationusingthe following formula

i~ e ijk+ Nijk
UVA_”X_A_UQ._” ._“093 -
(% =X[Pay =pa,D,f) = <1
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T |
| Empty DAG |
I Random DAG =
| Constrained DAG |
I Prior DAG I

___________

YES

perform
best
change

HEURISTIC SEARCH IN DAG SPACEI

DAG spaces vastandunknawvn. Hill Climbingseach algorithm
IS goodchoicein orderto maximizeSCOREmM) in DAG space.
It makessuccessie arcchangedo the network andemploy/sthe
propertyof decomposabilityo evaluatethe merit of eachchange.

Initialize
structure

Y
max
iteration

reached
?

lNO -

score
all possible
single arc
changes

Y -

any
changes
better?

return

DAG
selected

Single Arc Change

Add Arc

Missing Arc ﬂMSCORE,((mm))

ONCO
% Add Arc

*+AsCORE;((m)

Del Arc

&)

Arc Present ﬂ *+ASCORF;((m)

%

*+ASCOR((m)

*+ASCORF;((m)
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| EVALUATION METHODOLOGY

Structural Difference

\\\'/7

strc. noise @ ————

Gold
Network

(rnd generated) ||

Start
| v Network
[ Learned
v Network

Database learning

Cross-Entopy:

o

_HV alg.step

A —A_ Measure

sampling — algorithm

Cross-entropy
Structural Difference

Structural Difference: numberof differentarcsbetweerntwo BNs. Thisis ameasure
of thedegreeto which thelearnedstructurehave captureccausarelationshipsA null
structuraldifferencemeanssqualDAGs.

reflectshow well thelearnedstructurewill predictthenext case.lt

hasdervedfrom theinformationtheoryby KullbackandLeibler (1951).Low values
correspondo alearneddistribution closeto thegold one.
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'RESULTS FROM SIMULATED BNS

examplel: abvariablesBN, max4 stategpervariable.
A: add

START NET R:rev

D: del

OO_.U NE (prob. hoo\s

Pertu Emﬁ_o 5

(LEARNED NEJ

(2)
Learning @ e'e

l (3)

GOLD vs LEARNED
sruct. diff . =0
cross-entr. = 0.0138

U>._.>_w>m

hill-climbing steps:

1" search iter:  current score = -26777.283203 + 310.848145 (add: 3 -> 5)
2" search iter: current score = -26466.435059 + 142.760742 (rev. 2 -> 4)
3" search iter.  current score = -26323.674316 + 179.492676 ( 1> 4)
4" search iter:  current score = -26144.181641 + 24.003906 (del: 5 -X 1)
5" search iter: current score = -26120.177734 No better  changes. \
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'RESULTS FROM SIMULATED BNS

example2: a9 variablesBN, max5 stategervariable.

(PRIOR NEY

s. diff. = 16

Learning

Xi
sm 1 2 3 45 6 7 8 9

1/ 3 15 3 2 2 5 4 3 . p--

: LEARNED NET
sampling 3] 12 4212 2 32 s, diff. = 3
: L cross-entropy = 0.177
3998/ 1 2 3 3 3 2 3 3 3
3999 2 1 1 1 2 1 2 2 1
40000 2 1 2 2 1 1 3 3 1
DATABASE

hill-climbing steps:

1" iter:  score = -40772.177979 + 869.140137 (del: 3 -X 8)

()
13" iter.  score = -38652.027832 No better changes.
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| A CASE STUDY: COLLEGE PLANS

We wantto investicgatefactorsthatinfluencethe intentionof high schoolstudentgo
attendcollege. Sewell andShah(1968)measuredhefollowing variablesfor 10416
Wisconsinhigh schoolseniors:Sex (SEX), Socioeconomi&tatugSES),Intelligence
Quotient(1Q), ParentalEncouagementPE), College Plans(CP).

1Q low lower middle uppermiddle high S
PE low high low high low high low high E
CP y n y | nily n y n y n y n y n y n X
low 4 1349|1364 | 9 | 207 | 33| 72 | 12| 126| 38 | 54 [ 10| 67 | 49 |43 || m
lowmid || 2 | 232|127 84| 7 | 201 | 64 | 95 | 12| 115| 93 | 92 [ 17| 79 | 119|59 || a
up mid 8 |166|47|91| 6 | 120| 74 | 110| 17| 92 | 148|100| 6 | 42 | 198| 73 || |
high 4 | 48 |39 |57 | 5 | 47 |123| 90 | 9 | 41 | 224 | 65 | 8 | 17 | 414 |54 || e
low 5 (454| 9 |44 | 5 | 312| 14 | 47 | 8 | 216| 20 | 35 (13| 96 | 28 | 24| f
lowmid || 11 [ 285| 29 | 61|19 |236| 47 | 88 | 12| 164 | 62 | 85 [ 15| 113| 72 |50 || e
up mid 7 1163367213193 | 75| 90 | 12| 174| 91 | 100| 20| 81 | 142| 77 || m.
high 6| 5036|585 | 70 |110| 76 | 12| 48 | 230| 81 | 13| 49 | 360 | 98
SES Suficientstatisticsfor the Savell and Shahstudy
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learned network
score = -45579

learning
a=8 ?

empty prior network

learning
o =256

learned network
score = -45617

prior network

OGN
learning
(<)

a=8
empty prior network
with constraints

learned network
score = -45628

sospiciugesults.

\\ >

| COLLEGE PLANS: OUR RESULTS\I

~

SES PE|CP

=yes

low low
high low
low high
high high

0.035
0.144
0.347
0.726

SES IQ PE

CP=ye4

low low low
high low low
low high low
high high low
low low high
high low high
low high high|

high high high

0.015
0.120
0.139
0.263
0.188
0.398
0.532
0.832

SES 1IQ PE

CP=yeq

low low low
high low low
low high low
high high low
low low high
high low high
low high high

0.011
0.093
0.124
0.242
0.169
0.394
0.534

high high high

0.835
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wc§§>x<-

e \We have presentec@ way to learndiscreteBayesiarNetworksfrom data.Thisis
basedon BayesiarModel Selectiorapproachwherea “good” modelis chosen
usinghill-climbing heuristicsearchon DAGsspace.

e \We have shavn someresultsfrom simulatednetworksandatrue casestudy The
algorithmhasalwaysincreaseaur prior knowledgeon data.

e This methodologycanbeusedin early stagesf resolutionof a Data Mining
problem.It picksoutanindependencenodelfor variablesandexplainsrelations
amongvariablesn a causahay.

e \We needto testmorestructuresanddatasetsin orderto investigatehow to scale-up
theproblemsize(mayit beafuturework ?).
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